It is shown that the concept of topological phase transitions can be used to design nonlinear photonic structures exhibiting power thresholds and discontinuities in their transmittance. This provides a novel route to devising nonlinear optical isolators. We study three representative designs: (i) a waveguide array implementing a nonlinear 1D Su-Schrieffer-Heeger (SSH) model, (ii) a waveguide array implementing a nonlinear 2D Haldane model, and (iii) a 2D lattice of coupled-ring waveguides. In the first two cases, we find a correspondence between the topological transition of the underlying linear lattice and the power threshold of the transmittance, and show that the transmission behavior is attributable to the emergence of a self-induced topological soliton. In the third case, we show that the topological transition produces a discontinuity in the transmittance curve, which can be exploited to achieve sharp jumps in the power-dependent isolation ratio.
I. INTRODUCTION
Nonreciprocal light transmission plays a key role in modern optical technologies. Optical isolators are devices that allow light to pass in one direction (e.g., along a waveguide), while blocking transmission in the other direction, thus acting as the analogues of diodes in electronic circuits. To realize an optical isolator, the reciprocity principle of ordinary electromagnetism must be broken [1] . This can be accomplished in three distinct ways: using magneto-optic effects, temporal modulation of the electromagnetic medium, or optical nonlinearity. Magneto-optic isolators are the most widely used in current technology, but are challenging to incorporate into on-chip optical circuits [2] [3] [4] . For this reason, there has been a great deal of research into isolator designs based on spatio-temporal modulation [5, 6] and nonlinear materials [2, [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
This paper explores the possibility of realizing optical isolators using nonlinearity-induced topological phase transitions. The concept of topological phases originated in the field of condensed matter physics [27] , and was introduced into photonics some years ago [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . Researchers have demonstrated a variety of photonic structures with topologically nontrivial photonic bands, including magneto-optic photonic crystals operating at microwave frequencies [28] [29] [30] [31] and non-magnetooptic waveguide structures that can operate at optical frequencies [32, [36] [37] [38] . Such structures possess a distinctive property: when tuned into a "topologically nontrivial" phase, they exhibit topological edge states that are robust against perturbations (and, in some cases, have useful properties such as unidirectionality [30] ). Although these topological edge states have mostly been studied in the linear regime, there have been several recent papers exploring how they are affected by opti- * yidong@ntu.edu.sg cal nonlinearities [25, [40] [41] [42] [43] . It appears that photonic topological transitions-transitions from a conventional or topologically trivial phase to a topologically nontrivial phase-can be "driven" by nonlinearities, so that the light intensity itself determines whether the light can propagate via an edge state. We will study how this behavior might be exploited in nonlinear optical isolators. There have also been a number of papers seeking to implement optical isolators using magneto-optic topological photonics [3, 4] , but such schemes lie outside the scope of the present discussion.
We will analyze three representative photonic designs that (i) are known to exhibit topological transitions in the linear regime, and (ii) can feasibly operate in the optical frequency range, where optical isolation is a particularly pressing problem due to the absence of strong magnetooptic effects [2] [3] [4] . Our goal is to obtain a conceptual understanding of the features and limitations of these novel isolation schemes; as such, we will make use of simplified models, based on the coupled-mode theory and transfer matrix frameworks, capturing just the essentials of nonlinearity and bandstructure topology. In particular, we will not attempt to study the actual device geometries and material nonlinearities needed to achieve the nonlinear lattice parameters appearing in our models, nor to optimize our designs to maximize their performance.
The first type of structure we will study is an array of coupled optical waveguides, where light is guided ("evolves") either forward or backward along each waveguide, and can hop between adjacent waveguides via evanescent coupling. We begin with an exemplary waveguide array corresponding to a 1D SSH model [27] , with Kerr-like nonlinearities added to the inter-waveguide coupling strengths. Hadad, Khanikaev, and Alù have shown that such a model can exhibit a self-induced topological transition [42] , in which the nonlinearity drives a local region of the lattice into a different topological phase, giving rise to self-trapped soliton-like edge states. These nonlinear edge states allow a high-intensity signal injected in a edge waveguide to resist diffraction into the rest of the lattice. We show that when such a lattice has asymmetric input and output coupling losses, it can function as an efficient optical isolator. Light is injected into one port of an edge waveguide, evolves through a fixed distance, and leaves at the other end of the same waveguide. With appropriately-chosen system parameters, the forward transmittance (via a self-induced topological edge state) is of order unity, while the backward transmittance (without an edge state) is suppressed by several orders of magnitude.
The isolator relies on the fact that the self-induced topological transition has a power threshold-i.e., the soliton-like edge state appears only above a certain power. The asymmetric input and output couplings ensure that the edge state exists under forward transmission, but not backward transmission. However, the existence of a threshold is not unique to the nonlinear SSH model. It has previously been shown that nonlinear lattices with a conventional design can support edge solitons with a power threshold [44] [45] [46] , distinct from bulk solitons which normally bifurcate from zero power [47] . In those studies [44] [45] [46] , the edge soliton thresholds had no apparent connection to the topology of the underlying bandstructure. In the present case, the threshold-and hence the operating power of the isolator-is set by the topological phase transition of the SSH model.
Next, we generalize these results to a structure exhibiting a 2D topological phase [36] . Unlike the 1D SSH model, the 2D lattice has edge solitons that are mobile, and can travel around defects such as corners [43] . In this case, to achieve strong optical isolation, the input and output must correspond to different (spatially separated) waveguides, chosen according to the nonzero velocity of the edge soliton. Similar to the 1D case, we find that the soliton has a power threshold determined by the underlying linear model's topological phase transitionin this case, a transition from conventional insulator to Chern insulator. This shows that the soliton-based optical isolation scheme can be extended to more complex 2D lattices. Unlike in 1D topological phases, topologically nontrivial behavior in 2D can occur without requiring any special lattice symmetries, and is thus more robust.
The final type of nonlinear isolator that we will study is based on a periodic 2D array of coupled ring-like waveguides [32, 34, 37, 38, [56] [57] [58] [59] . Unlike the waveguide array case, which had a separate "evolution" axis z (with light injected at z = 0, and undergoing nonlinear evolution up to z = Z), here the system is entirely on-chip. Light is in-coupled and out-coupled at two different positions on the lattice edge, and the steady-state solution within the nonlinear lattice is determined self-consistently. Roughly speaking, this is like solving a nonlinear steady-state scattering problem at a fixed "energy", rather than a nonlinear evolution problem over a fixed "time interval".
We show that the coupled-ring lattice can also function as an efficient optical isolator, but with substantially different characteristics due to its steady-state nature. The isolation is again based on a topological phase transition in the lattice bandstructure [34, 57] , driven by a nonlinearity-induced variation in the effective coupling between rings. Unlike in the waveguide array, the transition manifests as a discontinuity in the nonlinear transmittance: above a critical input power, light propagation switches abruptly from very low transmittance (via bulk states) to very high transmittance (via edge states). Thus, with varying input power, the structure is able to exhibiting a discontinuous jump from very low to very high isolation ratios.
II. NONLINEAR COUPLED WAVEGUIDE ARRAYS: 1D SSH MODEL
We begin our study with a nonlinear version of the 1D SSH model [42] , which is the simplest model to exhibit topological modes. As shown schematically in Fig. 1(a) , such a model can be implemented with a 1D array of waveguides with nonlinear couplings. Each unit cell consists of two waveguides, with identical wave-guiding characteristics. We take the tight-binding (coupled-mode) approximation, which applies to guided modes moving in one direction along the axial direction z, without backscattering. We let a n (z), b n (z) denote the complex wave amplitudes in the two waveguides of unit cell n. With an appropriate gauge choice, these obey the coupled-mode equations [47] 
where κ n 1 , κ n 2 ∈ R + are intra-cell and inter-cell coupling coefficients. In the linear regime, the κ parameters are constants independent of n. The linear SSH model has been extensively investigated in photonics, including in femtosecond-laser-written waveguide arrays [48, 49] and plasmonic waveguide arrays [50] . It has a phase transition at κ 1 = κ 2 ; when κ 1 < κ 2 , there is an edge state with zero eigenvalue localized to the left edge of the lattice. We can observe this by exciting the leftmost site (waveguide 0) with input power I = |a 0 (0)| 2 , and letting the state evolve up to a fixed distance Z. As shown in Fig. 1(b) -(c), the excitation diffracts into a superposition of bulk modes for κ 2 /κ 1 < 1, but remains confined to the edge for for κ 2 /κ 1 > 1. In Fig. 1(d) , we plot the transmittance on the edge waveguide, defined as T = |a 0 (Z)| 2 /I. This is seen to closely track the edge intensity of the exact edge eigenstate (the normalized eigenstate of the linear Hamiltonian having eigenvalue zero).
We now introduce nonlinearity into the model. In accordance with the goals of this study, we will choose a nonlinearity that is conceptually simple and easy to model, leaving aside the question of how best to physically implement it. The inter-cell coupling coefficient is made dependent on the local intensity, as follows [42] :
where κ 0 stands for static inter-cell coupling, and α is a Kerr-like coefficient multiplying the sum of the intensities in the two coupled sites. We will take κ 1 = 1.0, κ 0 = 0.5, and α > 0, i.e. the inter-cell coupling becomes stronger at higher intensities. Thus, the bandstructure is topologically trivial in the linear (zero-intensity) limit, but increasing the intensity will (roughly speaking) drive it into the nontrivial phase. Without loss of generality, we set α = 1 (other values are equivalent up to a rescaling of intensities). The nonlinearity allows for the possibility of a selfinduced topological transition [42] . Suppose we prepare an initial state by exciting just the left edge waveguide with input power I = |a 0 (0)| 2 . The light undergoes nonlinear evolution for distance Z, and we compute the transmittance T (I) = |a 0 (Z)| 2 /I. The results are shown in Fig. 2(a) . For small I, T (I) is close to zero (similar to the linear case, the light mostly diffracts into the lattice bulk); but for I 9, T (I) abruptly (but continuously) increases towards unity.
This abrupt change in the nonlinear transmittance is related to a self-induced topological transition. To see this, in Fig. 2(b) we plot the averaged values of κ 2 /κ 1 as a function of I (since κ 2 varies between sites and also with z, the averages shown here are taken over different numbers of unit cells near the left lattice edge, and over a fixed range of z). We find that the increase in T (I) starts to occur when κ 2 /κ 1 ≈ 1, which is precisely the topological transition point of the SSH model. Note that correspondence is apparent even when we average κ 2 over 12 sites, a relatively far distance from the edge.
The regime of high nonlinear transmittance is due to the self-induced edge soliton described by Hadad et al. [42] . This is a nonlinear mode that inherits some properties of the linear SSH model's edge state, such as leaving the b n sites unexcited. Its onset also closely matches the topological transition of the SSH model. However, it differs in other ways: its eigenvalue is not pinned to zero (as the SSH model's "particle-hole" symmetry is broken by the nonlinearity), and the intensity goes to a small constant in the bulk rather than decaying exponentially with distance from the edge [42] .
A nonlinear photonic structure with strongly intensitydependent transmittance can serve as the basis for an op- tical isolator [10, 16, 20, 21, 23, 24] . To accomplish this, we introduce couplings η A and η B , as shown schematically in Fig. 1(a) . In forward-transmission mode, light is coupled into port A on an edge waveguide, is guided in the +z direction, and is out-coupled at port B of the same edge waveguide. In backward-transmission mode, light enters at B, is guided in the −z direction, and is outcoupled at port A. (Note that this is distinct from "asymmetric light transmission" schemes, such as those studied in Ref. 6 , where light propagates either left-to-right or right-to-left along the lattice, while being guided in a single axial direction +z; those schemes have no direct bearing on the problem of optical isolation, as they do not swap physical input and output ports.) In forwardtransmission mode, the input light has intensity I, and the intensity coupled into the edge waveguide is η 2 A I; the intensity at the end of the waveguide is T (η
where T is the nonlinear transmittance of the lattice itself. The overall forward transmittance is thus
Similarly, the backward transmittance (in the −z direction) is
Note that T f = T b in the linear regime I = 0, in accordance with the recprocity principle. The isolation ratio is defined by Fig. 2(c) shows numerical results for the forward and backward transmission, and the isolation ratio, for η A = 1 and η B = 0.5. We can understand these results qualitatively by using Eqs. (4)- (5) and the features of the nonlinear waveguide transmittance T (I). First, note that the upper bound for the transmittance (in either direction)
, which occurs when the light is transmitted predominantly along the edge, with losses only at the input and output ports. As I is increased from zero, the transmittances increase exponentially from the very low value of η We can compare these results to optical isolation schemes based on "non-topological" edge solitons, such as solitons induced by on-site Kerr nonlinearity [44] [45] [46] . Such solitons also exhibit a power threshold proportional to the coupling κ. Optimizing the isolation ratio in a device of fixed length thus requires a trade-off between minimizing the linear transmittance (larger κ), or minimizing the threshold power (smaller κ). In contrast, in the nonlinear SSH model one can reduce the linear transmittance by increasing κ 0,1 without substantially effecting the threshold power, determined by κ 1 − κ 0 . Moreover, the staggered profile of the topological edge soliton enables further optimization of the performance, for example by incorporating lossy elements onto the unexcited b n sites to further reduce the backward transmission [4] .
III. NONLINEAR COUPLED WAVEGUIDE ARRAYS: 2D HALDANE MODEL
The phenomenon of optical isolation aided by a topological transition can also be observed in 2D lattices. There are two important difference between 1D and 2D. Firstly, topological edge states in 2D can exhibit unidirectional propagation along the edge, so we choose the input and output ports to be different waveguides. Secondly, whereas topological protection in the SSH model requires a specific sublattice symmetry, topological protection in 2D generally does not; hence, 2D lattices could provide robust isolation under a wider range of fabrication imperfections or nonlinearities.
In the linear regime, it has previously been shown that a 2D optical waveguide array can be made to act as a 2D topological insulator with broken "time-reversal" symmetry (a Chern insulator) by adding a helical twist to the waveguides [36] . A variant design has been shown to support tunable topological phase transitions [52] . Here, we leave implementation details to one side, and focus instead on the Haldane model [53] , the simplest and most well-known 2D model with a topological phase transition between a conventional insulator phase and a Chern insulator phase [53] . This tight-binding model describes a 2D honeycomb lattice with broken time-reversal symmetry; the honeycomb lattice is divided into two sublattices, A and B, with on-site mass terms m A = m 0 and m B = −m 0 . The other model parameters are the nearest-neighbor hopping t 1 ∈ R, the next-nearestneighbor hopping amplitude t 2 ∈ R, and an AharanovBohm phase φ ∈ [−π, π] which determines the magnetic flux penetrating sub-regions of each unit cell [53] . The bandstructure is in a Chern insulator phase when
with Chern numbers C = sgn(φ). The other phase is a conventional insulator with Chern number C = 0. We now introduce a nonlinearity designed to drive the system through a topological transition. We make the on-site mass terms on the A and B sublattices nonlinear, depending on the local intensity, as follows:
where m 0 ∈ R is the Haldane model's mass parameter in the linear limit; µ, ν are site indices on the A and B sublattices respectively; and a µ , b ν ∈ C denote the optical wave amplitude (wavefunction) at those sites. Similar saturable nonlinearities have previously been studied in the context of non-topological photonic lattices with mobile discrete solitions [54] . We will take φ = π/2, t 2 = 1/3, and m 0 = 2, so that according to Eq. (7) the linear system is in the trivial insulator phase. With increasing intensity, the saturable nonlinearity decreases the on-site mass parameters, "driving" the system towards the Chern insulator phase.
The resulting nonlinear propagation is shown in Fig. 3(a) . Input light is injected onto a single site at a corner of the lattice, with intensity I = |a 0 | 2 , and undergoes nonlinear evolution over a fixed distance Z; as discussed in Section III, the z axis plays the role of time. For small I, the light diffracts into the bulk of the lattice, in accordance with the fact that the bandstructure of the linear system is topologically trivial. For large I, the light remains tightly confined to the edge, and propagates in one direction along the edge, including around corners, in accordance with the existence of a unidirectional edge state in the Chern insulator phase.
The nonlinear transmittance T (I) is plotted in Fig. 3(b) , and it exhibits a power threshold similar to what we observed in the nonlinear SSH model. Here, T (I) is defined as the transmittance from the input site (A) at z = 0, to the output site (B) on the opposite lattice corner at z = Z. Again, we can demonstrate a close correspondence between the power threshold and the topological transition of the linear lattice. In Fig. 3(c) , we plot m A − m B versus I, where m A and m B are the nonlinear on-site mass terms averaged over sites closest to the output waveguide at z = Z. Based on Eq. (7), the linear lattice exhibits a topological transition at m A − m B = 6 √ 3t 2 sin φ = 2 √ 3; in Fig. 3(c) , we indeed observe that the nonlinear transmittance's threshold power occurs as m A − m B drops below this value. In Fig. 3(d) , we plot the isolation ratio and forward and backward transmittances. The behavior is similar to the nonlinear SSH results in Fig. 2(c) . One difference is that T f and T b are dissimilar even though the input/output couplings are symmetric (here we set η A = η B = 1); this is because the inputs and outputs are on different sites, so the lattice itself provides the asymmetry.
Optical isolation based on traveling edge solitons has important qualitative differences compared to schemes based on immobile solitons, such as the nonlinear SSH model discussed in Section II. The device length Z and/or the choice of output waveguide must be matched to the edge soliton velocity, so as to ensure a high forward transmittance. This kind of traveling discrete soliton is not easily achievable with "conventional" nonlinear lattice designs not tied to a topological transition; in those cases, traveling solitons require excitation of several waveguides [54] , and discrete solitons are typically immobile and/or suffer from strong radiative losses [55] .
IV. NONLINEAR COUPLED RING LATTICES
We now turn our attentions to a quite different type of photonic structure: a lattice of nonlinear coupled rings. The structure is shown schematically in Fig. 4(a) , and consists of ring-shaped waveguides arranged in a 2D square lattice, with adjacent "site rings" connected by auxiliary "coupler rings". The structure is assumed to be engineered so that there is negligible back-scattering at the coupling regions where neighboring waveguides approach one another; in other words, the circulation of light in the site rings-clockwise or anti-clockwise-is preserved under inter-site hopping [32, 37, 38] .
Suppose the entire lattice, including the auxiliary rings, is periodic. In this case, the lattice's bandstructure is known to exhibit a topological transition [34] : as we increase the effective coupling between site rings, the bandstructure goes from a conventional phase to a topologically nontrivial phase. In the latter, there exists (for each circulation) a family of topological edge states that move unidirectionally along the lattice edge [34, [56] [57] [58] [59] .
For the waveguide arrays discussed in Section II-III, the "forward" and "backward" modes of the optical isolator corresponded to +z and −z propagation. By contrast, the present coupled-ring lattice structure is "onchip", i.e. purely 2D. In forward-transmission mode, light is coupled into one ring, propagates through the lattice in a given circulation direction (say, clockwise), and is subsequently out-coupled. In backward-transmission mode, the input and output ports are switched, and hence the in-lattice propagation takes place via the opposite circulation (anti-clockwise). It is important to note that this switches the directionality of the topological edge states. For instance, in Fig. 4(a) we show a right-moving edge state on the upper edge, with clockwise circulation; the reciprocal partner is a left-moving edge state on the upper edge, with anti-clockwise circulation.
The transmission of light through the lattice can be calculated using transfer matrices [32, 34] . Fig. 4(b) shows a coupler ring joining two site rings; the complex wave amplitudes labeled in this figure are related by
where
is a unitary 2 × 2 scattering matrix describing evanescent coupling with energy conservation and negligible back-scattering, as well as 180-degree rotational symmetry [32, 34, 56] . The strength of the evanescent coupling is described by θ 0 . Moreover, wave amplitudes acquire a phase ξ 1,2 on traversing each arm of the coupler ring:
The effective coupling between adjacent site rings can be determined [34, 56, 57] from the parameters θ 0 and ξ 1,2 (which depend, in turn, on the waveguide geometry and operating frequency). We will assume that the couplings in the x and y direction are identical. The bandstructure is defined in terms of the phase shift φ over each quarter of a site ring, as indicated in Fig. 4(b) . This plays the role of a "quasi-energy" [34, 57] , whose value is fixed by the waveguide geometry and operating frequency; we can regard φ as being analogous to the chemical potential in a band insulator. (Note that the other model parameters, θ 0 and ξ 1,2 , will also simultaneously depend on the operating frequency; in designing a real device, these model parameters must be mapped onto physical quantities including the frequency and geometrical parameters.) In Fig. 5(a)-(b) , we plot band diagrams of φ versus k for a semi-infinite lattice with transverse width of 10 unit cells; here, k is the usual Bloch wavenumber, defined as the phase shift produced by translating one unit cell along the strip [34] . We fix θ 0 = π/6, and show results for two choices of ξ = ξ 1 = ξ 2 . Fig. 5(a) shows a conventional bandstructure, while Fig. 5(b) shows a nontrivial bandstructure with gaps spanned by topological edge states. Evidently, we can switch between these two distinct cases by tuning only ξ, with all other model parameters kept constant. Fig. 5(c) shows a phase diagram indicating the parameter choices for observing trivial and nontrivial gaps. Fig. 6(a) shows the transmittance across the linear lattice for fixed φ = π/4 and varying coupler ring phase shifts ξ = ξ 1 = ξ 2 . The transmittance is close to zero for ξ ≈ π/2, when the system is in a trivial gap, and approaches unity when ξ increases and the system enters a topologically nontrivial gap. For intermediate ξ, the system lies in a band, and the transmittance exhibits numerous resonances.
We now introduce a nonlinearity designed to drive the system through the topological transition. Let the phase shift parameter on each arm of a coupler ring be intensity-dependent:
where ξ 0 is the phase shift in the linear limit, κ is a Kerr coefficient, and I is the local intensity in the arm of the coupler ring, defined as I = |ψ| 2 where ψ is the local complex amplitude. Physically, this may be accomplished by fabricating the coupler rings out of a nonlinear material (note that the intensity within the coupler rings will be strongly enhanced if they are close to resonance with the operating frequency [56] ). We choose φ = π/4, θ 0 = π/6 (both assumed to be intensity-independent), ξ 0 = π/2, and κ = 1. Referring to the phase diagram in Fig. 5(c) , we see that in the linear limit the bands are topologically trivial, with φ lying within a trivial gap. Increasing I, and hence ξ, drives the system (locally) into a nontrivial gap. In interpreting this phase diagram, note that although the nonlinearity changes ξ independently in the two arms of a coupler ring, the band gaps of the linear system depend only on the sum of ξ in the two arms. Fig. 6 (b) plots the transmittance across the lattice, T (I), versus input power I. Here, we assume the input and output couplings to be perfect (the coupling matrices have the form of Eq. (10), with coupling angle π/2). These results are obtained by using a standard numerical nonlinear solver to find self-consistent solutions to the entire set of transfer matrix relations within the lattice, including the nonlinear phase shifts described by Eq. (12) . From Fig. 6(b) , we observe that the transmittance in the linear limit, T (0), is negligible, in accordance with the fact that the system is in a trivial gap. Moreover, with increasing I, T (I) initially remains low, but at a critical intensity it jumps discontinuously to T ≈ 0.8. Above this discontinuity, transmission takes place along the upper lattice edge, as shown in Fig. 6(c) .
In Fig. 6(d) , we plot ξ versus I, averaging over the coupler rings on the upper lattice edge. This shows that the large discontinuity in T (I) found in Fig. 6(b) occurs at values of ξ corresponding to the boundary between the trivial gap and the band, and between the band and the nontrivial gap. By comparison with the linear system's phase diagram from Fig. 5(c) , it appears that the nonlinear lattice is "jumping" past the in-band regime. Fig. 6(b) and (d) also shows a "secondary" discontinuity, where ξ jumps to a larger value while remaining in the topological gap region. This seems to be triggered when the nonlinearity causes the value of ξ in a few individual coupler rings to exceed the upper boundary of the topological gap region, entering into another in-band region at ξ ∼ 1.1π. This destabilizes the solution, and the system compensates by jumping to a different field distribution, with larger ξ , that keeps all coupling rings in the topological gap region. On both sides of this secondary discontinuity, the field distribution remains confined to the upper lattice edge.
Unlike the nonlinear Haldane model studied in Section III, there is no "time-of-flight" limitation on the propagation of light from the input to the output port, due to the steady-state nature of the model. As such, optical isolation in the nonlinear coupled-ring lattice can exhibit topological protection against lattice defects. To test this idea, we apply an input/output asymmetry by adding a small amount of loss (coupling factor of e −0.1 ) to one of the ports (B). We then compute the self-consistent forward transmittance (port A to B), backward transmittance (B to A), and isolation ratio. Disorder is introduced by adding normally distributed shifts to each ξ i parameter (with standard deviation 0.01π). The results are shown in Fig. 7 . For a range of input powers near I 3, there is a sharp jump in the mean forward transmittance T f , and correspondingly a jump in the mean isolation ratio. These jumps come from ensemble averages of transmittance discontinuities shifted by the disorder; note that the secondary discontinuities, being much smaller in magnitude, are "smeared out" and are thus not visible in the plotted mean values.
V. DISCUSSION AND CONCLUSIONS
In this paper, we have studied how optical isolation can be accomplished in three different models of topological photonics. A few basic ingredients are common to all three models. Firstly, the model must be nonlinear, so as to break optical reciprocity [1] . Secondly, the structure must contain an asymmetry (e.g., asymmetric input/output couplings) that distinguishes between "forward" and "backward" directions. The third ingredient is the use of a topological phase transition to associate forward transmission and backward transmission with different topological phases, whose physical properties are qualitatively different from each other. This last design principle is reminiscent of recently-proposed optical isolation schemes based on parity/time-reversal (PT) symmetric structures, which rely on a non-Hermitian transition (between "PT symmetric" and "PT broken" phases) rather than a topological phase transition [20, 21, 23, 26] .
In the presence of nonlinearity, topological phase transitions manifest as "self-induced" topological solitons: local regions of the lattice where the optical field selfsustains its own edge state-like behavior, even when the lattice is topologically trivial in the zero-intensity limit. Such solitons were previously discovered in the 1D nonlinear SSH model [42] , as well as 2D continuum "Floquet topological insulator" models [40, 43] . Here, we have shown that the nonlinear SSH soliton is useful for optical isolation, and moreover that topological solitons also occur in two new 2D models-nonlinear versions of the Haldane model [28] and the coupled-ring lattice [32, 34, 37, 38, 57] . The soliton in the coupled-ring lattice model is notable for being a static (steady-state) solution, whereas the solitons in the nonlinear Haldane model and other previously-studied 2D lattices [40, 43] are dynamical. As we have seen, this gives rise to the distinctive feature: a discontinuity (not just a threshold or kink) in the power-dependent optical transmittance.
To realize a self-induced topological soliton, nonlinearity must be applied to a model in a non-arbitrary way: as exemplified by Eqs. (3), (8) , and (12), the nonlinearity needs to act on parameters that drive the system towards a topological phase transition. Interestingly, homogeneous nonlinearities such as local Kerr effects, which are the most commonly-studied nonlinearities in lattice models [44] [45] [46] [47] , may not be suited to inducing topological phase transitions. Roughly speaking, such uniform nonlinearities play the role of altering the scalar potential, which is an inefficient way to induce topological band inversions. In real experiments, nonlinearities may be inhomogeneous and present in both on-site terms and "off-diagonal" (inter-site coupling) terms [60] . Our results demonstrate that the latter, though frequently ignored, can lead to soliton behaviors that are both distinctive and useful. It should also be noted that our study has omitted the temporal effects of optical nonlinearity, such as frequency generation and pulse dispersion; these may be important in certain materials, or for ultrashort pulses [61] .
In future studies, it would be interesting to introduce additional features to the models that could further improve their performance as optical isolators. For instance, loss can be selectively added to the lattice to suppress the transmittance from bulk modes and/or diffusive non-topological edge modes, while leaving the topological edge modes relatively unaffected. It would also be interesting to make a comparison with various non-topological nonlinear isolator designs that are fine-tuned to achieve high isolation ratios and/or high transmittance [15] [16] [17] [18] ; one might be able to show that isolation schemes based on topological solitons can achieve similarly high performance, while being less sensitive to random defects due to the intrinsic robustness of the topological edge modes.
Dynamical effects in the coupled-ring lattice are another avenue for further study. For example, the transmittance jumps in Fig. 6 (b) may form hysteresis loops under an additional slow modulation of the input intensity. Such designs may also be useful for limiting unwanted dynamical reciprocity [5] , as the nonlinear isolation is provided by topological edge states localized in both frequency and space. Small amplitude signals with sufficiently large frequency detuning from the input could propagate via the qualitatively different bulk modes, and might thus be efficiently filtered or suppressed.
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